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Elementary quantum mechanics
We want to be able to obtain properties of many-body systems (aka solve
Schrödinger equation)



Elementary quantum mechanics
Since the MA>>me, we can assume the electrons move much faster than the nuclei,
i.e. the nuclei are fixed (Born-Oppenheimer approximation).



Elementary quantum mechanics
• Variational principle: the energy computed from a “trial” wavefunction Y is an

upper bound to the true ground-state energy E0.

Full minimization of E with respect to all allowed N-electron wavefunctions will
give the true ground-state.



Motivation: why DFT?

• it includes all electronic effects (kinetic, Coulomb, exchange and
correlation);
• it can be applied to atoms, molecules and solids;
• it can be used for very large systems (thousands of atoms);
• it predicts numerous molecular properties, as molecular structures,

ionization energies, electric and magnetic properties etc;
• knowing the wavefunction is not necessary: saves computational time.



Motivation: why DFT?
• Number of publications with ‘DFT’ in the title or abstract

Web of Science database

• until 27th of August, 8803 have been
published in 2019 (around 1100
papers/month).

12671 (2018)



Density Functional Theory

Theory developed by Pierre Hohenberg, Walter Kohn and Lu Sham.

Nobel prize in Chemistry in 1998 to W. Kohn 

P. Hohenberg and W. Kohn, Phys. Rev. 136, B864 (1964).
W. Kohn and L. Sham, Phys Rev. 140, A1133 (1965).



Density Functional Theory
Goal: formulate DFT as an exact theory of many-body systems. It applies to any
system of interacting particles in an external potential Vext(r).
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Density Functional Theory
Goal: formulate DFT as an exact theory of many-body systems. It applies to any
system of interacting particles in an external potential Vext(r).

problem: wavefunctions!

What is the problem with wavefunctions?

• even though they are used as a central quantity in
wavefunction approaches, they cannot be
measured experimentally;

• calculations are time consuming;
• the wavefunction depends on 3N variables



Density Functional Theory
Solution: reduce the 3N-dimensional problem to a 3-dimensional one.

• it integrates to the total number of electrons
• it vanishes at infinity
• it can be measured experimentally



Hohenberg-Kohn theorems



Hohenberg-Kohn theorems

Theorem I: Vext(r) is determined uniquely by the ground-state electronic
density n0(r).

Theorem II: The ground-state energy can be obtained variationally: the
density that minimizes the total energy is the exact ground-state density.

R. R. Martin, Electronic Structure, Basic Theory and Practical Methods (Cambridge University Press, 2004).



Hohenberg-Kohn theorems

Theorem I: Vext(r) is determined uniquely by the ground-state electronic
density n0(r).

Theorem II: The ground-state energy can be obtained variationally: the
density that minimizes the total energy is the exact ground-state density.

R. R. Martin, Electronic Structure, Basic Theory and Practical Methods (Cambridge University Press, 2004).

• Corollary I: with Vext determined, the Hamiltonian
of the system is fully determined. Then it follows
that the wavefunctions for all states are also
known, and therefore all the properties of the
system are completely determined by the ground-
state density n0(r).

universal!
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Hohenberg-Kohn theorems

Theorem I: Vext(r) is determined uniquely by the ground-state electronic
density n0(r).

Theorem II: The ground-state energy can be obtained variationally: the
density that minimizes the total energy is the exact ground-state density.

R. R. Martin, Electronic Structure, Basic Theory and Practical Methods (Cambridge University Press , 2004).

yi

• Hohenberg and Kohn reformulated the interacting
many-body problem, but did not solve it;

• the functional FHK is, in principle, unknown;
• HK theory is exact (it has no approximations), but

it cannot be used to solve problems (impractical).



The Kohn-Sham approach



The Kohn-Sham approach

• Replace the original interacting many-body system with an auxiliary one
of non-interacting particles.

Assumptions:
1. the GS density of the interacting system is equal to the GS density of some

auxiliary non-interacting system (exactly soluble);

2. the auxiliary Hamiltonian is chosen to have usual kinetic energy operator
and an effective local potential acting on the electrons.



The Kohn-Sham approach

In principle, the solution of the non-interacting system determines all
properties of the original problem.

interacting system non-interacting system

R. R. Martin, Electronic Structure, Basic Theory and Practical Methods (Cambridge University Press, 2004).



The Kohn-Sham energy functional

• In the Kohn-Sham approach, the total energy can be decomposed as
(rewriting HK GS energy functional)

density of the auxiliary system

classical Coulomb energy

exchange and correlation



The Kohn-Sham equations

Using the energy functional, it is possible to write Schrödinger-like
eigenvalue equations

where the ei are the eigenvalues, and HKS is the effective Hamiltonian, given
by



DFT in practice: XC functionals

• Local density approximation - LDA

• Generalized gradient approximation - GGA

• Hybrid functionals



DFT in practice: Solving the Kohn-Sham 
equations
This equations have to be solved subject to the constraint that the effective potential
Veff(r) and the density n(r) are consistent.

self-consistent?

output quantities! 
(energy, forces etc)

initial guess

calculate effective potential

solve the equation calculate electron density

yes!
no!



DFT in practice: Basis set

• it refers to the set of one-particle functions used to build molecular
orbitals;
• usually the functions that compose the basis set are centered on atoms;
• calculations are usually performed using a finite set of basis functions

(finite basis set);
• basis set can also be composed of plane waves (cp2k applies this for GPW

and GAPW methods).



DFT in practice: Basis set

• it refers to the set of one-particle functions used to build molecular
orbitals;
• usually the functions that compose the basis set are centered on atoms;
• calculations are usually performed using a finite set of basis functions

(finite basis set);
• basis set can also be composed of plane waves (cp2k applies this for GPW

and GAPW methods).

i
GPW (gaussian plane wave approach): mixed
approach in which both gaussian functions and plane
waves are used to represent the electron density.



DFT in practice: Basis set – polarization 
functions
• adds flexibility: allow orbitals to change shape (being polarized);
• important for reproducing chemical bonding;
• should be included when correlation effects are important;
• high angular momentum polarization functions (d, f, g…) are important

for heavy atoms;
• be aware: adding these functions to your basis set is costly!

an s orbital polarized by a p-type orbital a p orbital polarized by a d-type orbital 



DFT in practice: Basis set – diffuse 
functions
• gaussians have small

exponents and decay slowly
with the distance from the
nucleus;
• are necessary for the correct

description of anions,
Rydberg states and weak
bonds (e.g. hydrogen bonds)
– systems with extended
electronic density.



DFT in practice: Pseudopotentials (PP)

• effective core potentials replace core electrons with an effective potential
which is added to the Hamiltonian;
• very useful for transition metals;
• reduce the cost of calculations, since it reduces the number of the

electrons;
• pseudo-wavefunctions are much smoother in the core region than the all-

electron functions;
• can include relativistic effects. nucleus

core electrons

valence electrons

PP

valence electrons



DFT in practice: Pseudopotentials (PP)

• effective core potentials replace core electrons with an effective potential
which is added to the Hamiltonian;
• very useful for transition metals;
• reduce the cost of calculations, since it reduces the number of the

electrons;
• pseudo-wavefunctions are much smoother in the core region than the all-

electron functions;
• can include relativistic effects. nucleus

core electrons

valence electrons

PP

valence electrons

i

D. R. Hamann, M. Schlüter, and C. Chiang, Phys. Rev. Lett. 43, 1494 (1979). 



DFT in practice: cp2k input file

!

check cp2k files for 
different options!!

!

!



Absorption spectroscopy

eh𝝂
n=1

unoccupied 
orbitals

occupied 
orbitals

Static absorption

core states

bounded 
states

continuum 
states • absorption probes unoccupied states;

• transitions satisfy dipole transition 
rules;

• element-specific technique;
• local-bonding sensitive;
• final state includes a core hole and an 

excited electron.



Absorption spectroscopy
The interaction between an spinless electron and an electromagnetic field
(incoming radiation) can be described using the Hamiltonian

where the vector potential is defined as

Rewriting "𝐻electron-field, it is possible to identify the interaction Hamiltonian, which
contains the terms describing both emission and absorption processes

absorption emission



Absorption spectroscopy
Considering only the absorption term, the transition probability between a initial
state i and a final state f can be written as

For X-ray energies below ∼10keV, it is possible to rewrite the expression above,
making use of the dipole approximation, as

F. M. F. de Groot and A. Kotani, Core Level Spectroscopy of Solids, Advances in Condensed Matter Science (CRC Press, 2008).



Absorption spectroscopy
Considering only the absorption term, the transition probability between a initial
state i and a final state f can be written as

For X-ray energies below ∼10keV, it is possible to rewrite the expression above,
making use of the dipole approximation, as

Electric dipole approximation

As a starting point, it is possible to expand an exponential
function in a power series.
For an incoming radiation with energy below ∼10keV, 𝑘 & '𝑅 <
10-2. Since the transition probability is proportional to the
matrix element squared, the exponential function can be
approximated to the zeroth-order term of the power series:

F. M. F. de Groot and A. Kotani, Core Level Spectroscopy of Solids, Advances in Condensed Matter Science (CRC Press, 2008).



Absorption spectroscopy
Considering only the absorption term, the transition probability between a initial
state i and a final state f can be written as

For X-ray energies below ∼10keV, it is possible to rewrite the expression above,
making use of the dipole approximation, as



Absorption spectroscopy
The matrix element can be calculated using either the velocity or the length
representation of the momentum operator (writing )



DSCF method

• Transition energies can be calculated employing different occupations of
Kohn-Sham orbitals.
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valence

continuum
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valence

continuum



DSCF method

• Transition energies can be calculated employing different occupations of
Kohn-Sham orbitals.

core

valence

continuum

core

valence

continuum

N. Ferré, M. Filatov, and M. Huix-Rotllant, Density-Functional Methods for Excited States (Springer, 2016).

• DSCF is state-specific: excited states need to be calculated
one by one;

• numerically not stable, since it is the difference between two
different SCF calculations;

• the method only gives excited states that are well described
by a single determinant;

• collapses for high excited states;
• excited states from different calculations are not orthogonal.



Transition Potential

• Calculation of the excitation energies from the solution of the KS
equations, using a modified core potential on the absorbing atom, which
reproduces the relaxation of the orbitals induced by the promotion of the
core electron.

• In this approach both initial and final states are taken from the same
wavefunction.

L. Triguero, L. G. M. Pettersson, and H. Ågren, Phys. Rev. B 58, 8097 (1998).



Transition Potential - the core hole

• After the excitation, the electron is assumed to be immediately delocalized
in the conduction band, so its actual final state is not relevant in the
determination of the spectra.

• The hole left by the electron (core hole) is the focus of this approach.

• The core hole formed at the 1s level can be modeled through a modified
pseudopotential.

L. Triguero, L. G. M. Pettersson, and H. Ågren, Phys. Rev. B 58, 8097 (1998).
M. Cavaleri, M. Odelius, A. Nilsson, and L. Pettersson, J. Chem. Phys. 121, 10065 (2004).



Transition Potential - the core hole

HCH
• half core hole
• half of an electron is

removed from the
core

• system has charge
+1/2

FCH
• full core hole
• one electron is

removed from the
core

• system has charge +1

XHCH
• excited half core hole
• half of an electron is

assigned to the
LUMO

• system has no charge

XFCH
• excited full core hole
• one electron is

assigned to the
LUMO

• system has no charge

final stateinitial state

core

valence

continuum
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• system has no charge

final stateinitial state

core
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M. Iannuzzi and J. Hutter, Phys. Chem. Chem. Phys. 9, 1599 (2007).
B. Hetényi, F. D. Angelis, P. Giannozzi, and R. Car, J. Phys. Chem. B 120, 8632 (2004).
D. Prendergast and G. Galli, Phys. Rev. Lett 96, 215502 (2006).

• HCH tends to underestimate near-edge
intensities and overemphasize the
resonances at higher energies;

• FCH excessively shifts balance towards
the final state, which might overestimate
near-edge intensities;

• XHCH and XFCH are an attempt to
restore balance between initial and final
state contributions.



XAS in practice

1. Optimize geometry or use the experimental one;
2. Compute the absorption spectrum (oscillator strengths) using the

Transition Potential method;
3. Align the spectrum according to the first transition energy obtained with

the DSCF method;
4. Convolute the spectrum using gaussian functions with different width

depending on the energy region.

M. Iannuzzi and J. Hutter, Phys. Chem. Chem. Phys. 9, 1599 (2007).
M. Cavalleri, M. Odelius, A. Nilsson, and L. Pettersson, J. Chem. Phys. 121, 10065 (2004).



XAS in practice: cp2k input file



XAS in practice: cp2k input file

do not forget to change
the name of the absorbing
atom in the &COORD
section/file!



XAS in practice: cp2k input file

• &XAS subsection should be added inside the &DFT subsection



XAS in practice: spectrum output file

index of the virtual KS state

transition energies

transition probabilities 
projected onto X, Y and Z norm of the transition 

probability



XAS in practice: spectrum output file

index of the virtual KS state

transition energies

transition probabilities 
projected onto X, Y and Z norm of the transition 

probability (oscillator strength)



Absorption spectra of H2O - O K-edge
calculated using BLYP XC functional and HCH potential

M. Iannuzzi and J. Hutter, Phys. Chem. Chem. Phys. 9, 1599 (2007).
S. Myneni et al., J. Phys.: Condens. Matter 14, 213 (2002). 

4a1

2b1

Rydberg states

liquid water

gas-phase water



Absorption spectra of H2O - O K-edge
calculated using BLYP XC functional and HCH potential

M. Iannuzzi and J. Hutter, Phys. Chem. Chem. Phys. 9, 1599 (2007).
S. Myneni et al., J. Phys.: Condens. Matter 14, 213 (2002). 

liquid water

gas-phase water

1.3 eV gap

2.0 eV gap



Absorption spectra of H2O - O K-edge
calculated using BLYP XC functional and HCH potential

M. Iannuzzi and J. Hutter, Phys. Chem. Chem. Phys. 9, 1599 (2007).
S. Myneni et al., J. Phys.: Condens. Matter 14, 213 (2002). 

liquid water

gas-phase water

1.3 eV gap

needs f, g, h 
functions 



Absorption spectra of H2O - O K-edge

M. Iannuzzi and J. Hutter, Phys. Chem. Chem. Phys. 9, 1599 (2007).



Absorption spectra of H2O - O K-edge

M. Iannuzzi and J. Hutter, Phys. Chem. Chem. Phys. 9, 1599 (2007).

• FCH
• contraction of orbitals at lower

energies, which favors the overlap
with 1s and enhances intensities of
pre-edge structures;



Absorption spectra of H2O - O K-edge

M. Iannuzzi and J. Hutter, Phys. Chem. Chem. Phys. 9, 1599 (2007).

• FCH
• contraction of orbitals at lower

energies, which favors the overlap
with 1s and enhances intensities of
pre-edge structures;

• Rydberg states are shifted to higher
energies and the gap increases to
∼3.5 eV;

Rydberg states
3.5 eV 
gap



Absorption spectra of H2O - O K-edge

M. Iannuzzi and J. Hutter, Phys. Chem. Chem. Phys. 9, 1599 (2007).

• XHCH and XFCH
• reduce the gap between the Rydberg

states the pre-edge transitions;
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• XHCH and XFCH
• reduce the gap between the Rydberg

states the pre-edge transitions;
• lower intensity of the second valence

peak due to the screening of the core
hole.



Absorption spectra of H2O - O K-edge

M. Iannuzzi and J. Hutter, Phys. Chem. Chem. Phys. 9, 1599 (2007).

• XHCH and XFCH
• reduce the gap between the Rydberg

states the pre-edge transitions;
• lower intensity of the second valence

peak due to the screening of the core
hole.

What do I need?

• large basis set;
• high angular momentum (g, h) basis

functions;
• generalized gradient corrected functional

(for correct energies in the DSCF calculation);
• with HCH, the fine structure beyond the

pre-edge region is well reproduced.
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Thank you!
Questions?


