
Perfecting the Theory and Interpretation of
X-ray Spectroscopy

J. J. Rehr

University of  Washington and SLAC

CONEXS 2020: Emerging Trends in X-Ray Spectroscopy
New Castle, UK                                                 February 18-20, 2020



Inelastic losses and many-body effects  
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I. Introduction  



BUT need to calibrate experiment with “Standard”

→ X-ray Microscope!

EXAFS

Fourier Transform

Rnn

Shift ?

Cu

Shifted Radial Distribution

*Stern Sayers Lytle, UW 1971

EXAFS          → Local structure

Historical Interpretation of EXAFS* 

XANES



“  If I can’t calculate it 

I don’t understand it ” 

R.  Feynman

Question: Can one calculate EXAFS shifts?



”I always thought it was easier to  

measure XAS than to calculate it.”

Hans Bethe 

ca  1980

Maybe not ?



DFT
FEFF
Expt

Ground state 

Missing: strong damping effects  

Gotcha: Standard DFT Theory Fails



All-electron scattering theory, E ~ 104 eV  l ~ 25  feff Φk

Short mean free paths λk  ~ 5 – 20 Å

Core-hole & lifetime effects Γ

Vibrational damping  e-2σ2k2

Σꝶ for  EXAFS theory

No code in 1970’s  with all those features !

EXAFS Equation : Stern, Sayers, Lytle (1971)



“The chance is high that the truth is in the 

fashionable direction … 

… but if it isn’t, who will find it?”

R.  Feynman

What to do ?   



J. J. Rehr & R.C. Albers

Rev. Mod. Phys. 72, 621 (2000)

http://feff.phys.washington.edu

FEFF

Breakthrough: Green’s function theory*  

*Real-space multiple-scattering theory



Golden rule for XAS via Wave functions

G = 1/( E – h′ – Σ ) 

Golden rule for XAS via Wave Functions

Ψ

Paradigm shift: XAS via Green’s Function 

h′ Final-state Hamiltonian with core-hole  

Golden rule via Green’s Function



Wave function in QM H Ψ = E Ψ

Ψ(r)  = Amplitude to find particle at r

Green’s function         (H – E) G  = - δ(r-r′)

G(r,r′,E)      aka  Propagator

= Amplitude to propagate particle
from r to r’

What’s a Green’s function?



 Green’s fn GLR,L’R’    Propagators

 Core-hole Vc Excitonic effects

 Self-energy Σ(E) Mean-free path, energy shifts   

 Debye-Waller σ2 Thermal vibrations 

X  Many body factor S0
2 Multi-electron excitations

Key ingredients in  FEFF  

G



JACS 113, 5136 (1991) 

Results:  Accurate EXAFS  Phase shifts* 

Explains shifts in EXAFS Fourier transform



No peak shift!

Path Expansion 15 paths

Rnn= 2.769 
fcc   Pt

χ(
R

)

R (Å)

Phase  Corrected EXAFS Fourier Transform

Results:  Accurate EXAFS  Calculations

Partial answer to Hans Bethe: ”EXAFS may be easier to 
calculate than to measure  - IF the structure is known.   JJR” 



Cu  pDOS vs XAS and XES

XAS

XES
pDOS

Fermi energy EF Photoelectron energy E

Interpretation of XAS ~ Projected density of states  



“Natural parallelization”

Each CPU does one energy 
1/NCPU

Energy E
is a parameter !

Green’s Functions & Parallel Computations



Inelastic losses and many-body effects  
in x-ray spectra

High-throughput calculations  

npj Computational Materials (2018) 4:12 ; doi:10.1038/s41524-018-0067-x

All ~105 materials & structures in MP Data base

Including    feff.inp



Other spectra: RIXS, NIXS, XMCD, Compton, etc.



JJR et al., Comptes Rendus
Physique 10, 548 (2009)

II. Improved theory - Parameter free calculations  

Phys. Chem. Chem. Phys. 12, 5503–5513 (2010)

ꝶ Ab initio SCF theory 
needed for XANES



Efficient GW approximation for

self-energy Σ & mean free path  λ

Sum of plasmon-pole models 

matched to loss function

*J.J. Kas et. al, Phys Rev B 76, 195116 (2007)

LiF loss fn

- Im ε-1

Σ(E) = iGW = Σ′ - i Γ

Many-pole GW Self-energy  Σ(E)* 

DFT



RPA

Final state rule 

Unscreened

Tungsten core-hole

RPA

RPA improves on final state rule, half-core hole, etc

RPA Screened core-hole potential 

FSR
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Ψ

Many pole model

for phonons

*

VDOS

D dynamical matrix <  ABINIT

e-2σ2k2

Ab initio Debye Waller factors 



*J. J. Kas et al. J. Phys.: Conference Series 190, 012009  (2009)
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FEFF9

MgAl2O4

DFT Theory

Result:  Improved XANES

Self-energy & DW factors fix DFT



III. Perfecting the theory

S0
2 ~ 0.9

Hint: Observed fine structure  
smaller than QP theory

Q:  What’s missing in  this picture ?



Hedin suggestion: Need to include inelastic losses 

S0
2 ~ 0.9



GW + Dyson vs Cumulant C(t)*

*Recent review and new derivation, see J. Zhou et al.  J. Chem. Phys. 143, 184109  (2015).

G(ω) = G0+ G0 Σ G                 Gc(t) = G0 (t) eC(t)

ΣGW =iGW

No vertex   Γ = 1
All excitations in C(t)

vertex Γ implicit
C(t) ~ |Im ΣGW | 

Our approach: Cumulant Green’s function Gc



Multi-electron excitations, shake-up, etc.
due to suddenly turned-on  core-hole: 

Implicit  in core hole Green’s function Gc(ω)

Example: Intrinsic losses   

Quasiparticle XAS

Core-hole spectral function – broadens & shifts the spectrum
A(ω)  = (1/π) |Im Gc(ω)|

Result:  Convolution formula



Result: many-body amplitude factor S0
2   

e 
-2

R
/λ

e -2R/λ
S0

2 =0.9 



NEW: Intrinsic losses in Molecular Systems 

Spectral function  Ac(ω) XAS μ(ω)

arXiv:2002.05841  (2020)

Excitation spectrum β(ω)



Full theory:  All inelastic losses

Full theory is given EXACTLY by convolution : 

Particle-hole spectral function      QP XAS

Extrinsic  Intrinsic  − 2 x Interference



* cf. L. Campbell, L. Hedin, J. J. Rehr, and W. Bardyszewski, Phys. Rev. B 65, 064107 (2002)

NiO

Particle-hole Green’s function theory*

=  Cext + Cint + Cinf

Ext +



Theory vs XPS expt*

ωct

Result: accurate satellites  in XPS 

QP

Satellites

TiO2

Spectral function Ac(ω)  = (1/π) |Im Gc(ω)| ~ XPS  Jk(E)
~ 

A
(E

)

J. J. Kas, F. D. Vila, J. J. Rehr, and S. A. Chambers, PRB 91, 121112(R) (2015)



Interpretation: CT satellites arise from charge transfer between  
ligand O-p and Ti -d at frequency  ~ ωCT due to core-hole 

Charge-transfer density fluctuations   

Real-space interpretation of satellites

TiO2

Δρ(r)

Δρ(r)



Convolution formula 
XAS

Satellite peaksReduction in peak height

CoO

Result: Theory explains satellites in XAS 

Ac(ε)

~



Better codes: Bethe-Salpeter Equation  (BSE)

Ocean

Exciting

aka Particle-Hole Green’s function



XPS

F. Fossard, K. Gilmore, G. Hug, J J. Kas, J J Rehr, E L Shirley and F D Vila

Phys. Rev. B 95, 115112 (2017)

Examples: High accuracy XPS and XAS

BSE   Particle-hole spectral function



Question:  Does the particle-hole cumulant GF 
apply to correlated d- and f-electron systems ?

Hedin’s answer*     MAYBE

“Calculation similar  … not a question of principle, 
but of computational work...”

* L. Hedin, J. Phys.: Condens. Matter 11, R489 (1999) 

? Correlated systems ?



Ce L3 XAS of CeO2 Spectral function

Particle-hole theory for CeO2
*

*J.J. Kas et al. Phys Rev B 94, 035156 (2016)

Summary: fair agreement even in correlated systems

PH-cumulant

Large inelastic loss



EXAFS − Theory & interpretation well understood 

XANES − Parameter free theory fairly accurate 

Full theory − Convolution now accounts for S0
2 & satellites 

Conclusions      

Closer to perfection BUT still room for improvement

Challenge − improved treatment of interference  




≈ ≈

?



Next Generation Software initiatives

TIMES@SLAC               SPEC@PNNL &UW

FEFF10, Corvus, etc EOM-CC, Real-time, etc
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